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Abstract
The paper describes the methods of queuing theory to solve the problem of optimizing traﬃc light phases on
signal-controlled road intersections. The ﬂow of vehicles on multi-lane roads is described by Poisson processes.
In this paper the concept of the eﬀective number of lanes is used which indicates the maximum ﬂow of cars with
diﬀerent modes of traﬃc lights. Methods of queuing theory helped to obtain explicit solutions of the problem of
minimizing delays at signal-controlled road intersection.
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1. Introduction
Mathematical modeling of traﬃc ﬂows now is rather actual in connection with the great increase
of the number of vehicles and with the growth of urban infrastructure. Almost any path between two
points includes the passing of road intersections, including signal-controlled. For this reason, there is of
great interest for study time lost caused by passing of signal-controlled road intersections.
Paper [1] describes vehicle behavior on signal-controlled road intersections by using numeric methods.
This paper uses queueing theory methods for modeling transport ﬂows.
Queuing theory for modeling traﬃc on crossroads was used in [2]. In the paper system GI|G|∞ was
considered in which all the requests received in the same busy period have the same service time. Service
times in the diﬀerent busy periods is independent distributed random values. This model originated in
the description of «synchronous movement» arising in transportation systems with high traﬃc. With
this model, for example, the authors obtained the distribution of the waiting time on a single-vehicle
secondary road at the intersection of the main and secondary roads in the uncontrolled intersection, at the
time of his appearance at the crossroads there are no other cars. In fact, the traﬃc on the uncontrolled
crossroads can be formulated as the problem of controlled crossroads with a Poisson lengths phases.
Similar methods are also considered in [3].
When considering the traﬃc light with a ﬁxed duration of phases is more complex mathematical
apparatus is required. In particular, this problem in the case of a single-lane road and traﬃc lights with
two phases (green-red) was considered in [4].
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It should be noted that both macro- and microscopic models often consider only single-lane traﬃc on
the roads. Application of queuing theory methods to transport problems on multi-lane roads practically
not implemented. In a study of these problems, the service time on multi-lane crossroads should be
considered as the value which depends on the current traﬃc lights phasea and of distribution purposes
of moving vehicles.
For the results to be relevant, it is required to use the above methods to study the eﬀect of duration
of traﬃc lights and traﬃc lights phases in such values as the average throughput at the crossroads, the
average waiting time, the length of queues in diﬀerent directions at the intersection of roads. This will
allow to ﬁnd the optimal traﬃc lights phases to minimize total traﬃc delay.
Nomenclature
c signal cycle
ci the duration of the i-st phase
q traﬃc arrival ﬂow rate
S maximum departure ﬂow rate
CPT Cars per time, the average number of vehicles passing the intersection for 1 second
Q0 expected overﬂow queue from previous cycles
Q(t) vehicle queue at time t
2. Studies of the behavior of vehicles at the crossroads in terms of queuing theory
2.1. Derivation of formulas delays vehicle from one direction
Let us consider single stream of vehicles arriving at a ﬁxed-time signal-controlled road intersection.
The vehicles arrival from one direction process is the generalized Poisson process.
• D(A(h)) = qh
• h - time interval length
• A - number of arrivals during interval h, E(A(h)) = qh.
We can express the total vehicle delay during one signal cycle as a sum of components, obtained at
each phase of the cycle. For example, let us consider the intersection of two roads with the following
phases:
4)
3)
2)
1)
Figure 1. Traﬃc lights
W = W1 +W2 +W3 +W4, (1)
where Wi - total delay experienced in the i-st phase
For our road intersection from the picture:
W1 =
c1∫
0
Q(t)dt =
c1∫
0
(Q(0) + A(t))dt, (2)
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and
W2 =
c1+c2∫
c1
Q(t)dt,
W3 =
c1+c2+c3∫
c1+c2
Q(t)dt,
W4 =
c∫
c1+c2+c3
Q(t)dt.
Let us ﬁnd the expectation of W1, when the ﬁrst phase - the only red light. Integrating (2), obtain:
E[W1] = c1Q(0) +
1
2
qc21.
In paper [1] concept of eﬀective number of lanes was introduced. Using these results we can deduce,
that if there are k1, k2, k3 and k4 , departure ﬂow rate to be respectively
E[S i] = S · kiq ,
where ki - the corresponding intensity for each ﬂow that can continue movement in each phase. In this
case departure ﬂow rate is not equal to S , but diﬀerent for each case.
S is maximal road intersection capacity from each side and it is has constant value for each speciﬁc
model. Usually it is assumed to be 1800 vehicles per hour for one lane [5].
Let us deﬁne a random variable Z1 as the total vehicle delay experienced during this phase when the
signal cycle is inﬁnite. The variable Z1 is considered as the total waiting time in a busy period for a
queuing process Q(t) with compound Poisson arrivals of intensity q, constant service time 1/S 1 and an
initial system state Q(t = t0)
E[Z1] =
E[Q(t0)]
2S 1(1 − q/S 1)2 +
E[Q2(t0)]
2S 1(1 − q/S 1) .
Now W1 can be expressed using the variable Z1:
E[W1] = E[Z1|Q(t = c1)] − E[Z1|Q(t = 0)],
it follows that
E[W1] =
E[Q(c1) − Q(0)]
2S 1(1 − q/S 1)2 +
E[Q2(c1)] − E[Q2(0)]
2S 1(1 − q/S 1) .
Similarly for 2, 3 and 4 phases.
Number arrived vehicles per cycle is equal to A(c); expected value of departures from the road
intersection at i-st phase is S ici,
So if we introduce the so-called "surplus ﬂow"
Pi = q − E[S i],
then
E[Q(c1) − A(c1) − Q(0) + A(0)] = −S 1c1,
E[Q(c1) − Q(0)] = −S 1c1 + E[A(c1) − A(0)] = −S 1c1 + qc1 = c1P1,
E[Q(c1 + c2) − A(c1 + c2) − Q(c1) + A(c1)] = −S 2c2 + qc2 = c2P2,
E[Q(c1 + c2 + c3) − A(c1 + c2 + c3) − Q(c1 + c2) + A(c1 + c2)] = −S 3c3 + qc3 = c3P3,
E[Q(c) − A(c) − Q(c1 + c2 + c3) + A(c1 + c2 + c3)] = −S 4c4 + qc4 = c4P4.
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Now it is possible to express
E[Q(c1)] = Qo − S 1c1 + qc1 = Q0 + c1P1,
E[Q(c1 + c2)] = E[Q(c1)] − S 2c2 + qc2 = Qo − S 1c1 + qc1 − S 2c2 + qc2 = Q0 + c1P1 + c2P2,
E[Q(c1 + c2 + c3)] = Qo + c1P1 + c2P2 + c3P3,
E[Q(c)] = Qo + c1P1 + c2P2 + c3P3 + c4P4.
Thereby,
E[Q2(c1 + c2) − Q2(c1)] =
= 2E(Q(c1 + c2) − Q(c1)) ∗ E(Q(c1)) + E(((Q(c1 + c2) − Q(c1))2) =
= 2(−S 2c2 + qc2) ∗ (Qo − S 1c1 + qc1) + S 22c22 − 2E(A(c1 + c2) − A(c1))S 2c2 + E((A(c1 + c2)−−A(c1))2) = 2(−S 2c2 + qc2) ∗ (Qo − S 1c1 + qc1) + S 22c22 − 2qc2S 2c2 + E((A(c1 + c2) − A(c1))2) =
= 2(−S 2c2 + qc2) ∗ (Qo − S 1c1 + qc1) + S 22c22 − 2qc2S 2c2 + E((A(c2))2) =
= 2c2(q − S 2) ∗ (Qo − S 1c1 + qc1) + S 22c22 − 2qc2S 2c2 + qc2 + q2c22 =
= 2c2P2 ∗ (Qo + c1P1) + P22c22 + qc2.
Similarly, we can obtain formulas for the mathematical expectations of the other phases:
Third phase:
E[Q2(c1 + c2 + c3) − Q2(c1 + c2)] = 2P3C3(Q0 + c1P1 + c2P2) + c23P23 + qc3.
Fourth phase:
E(Q2(c) − Q2(c1 + c2 + c3)) = 2P4C4(Q0 + c1P1 + c2P2 + c3P3) + c24P24 + qc4.
First phase:
E[Q2(c1) − Q2(0)] = 2P1c1Q0 + c21P21 + qc1.
From the above equations it follows:
−E[W1] = (E[Q(c1) − Q(0)]2S 1(1 − q/S 1)2 +
E[Q2(c1)] − E[Q2(0)]
2S 1(1 − q/S 1) =
c1(−Q0P1 − c1P21)
2P1
,
E[W1] = c1Q0 +
P1c21
2
+ c1/2.
(3)
In the case when the dispersion of our ﬂow is zero, i.e., for a uniform ﬂow:
E[W1] = c1Q0 +
P1c21
2
+ c1S 1/2P1.
We repeat similar deductions for the second phase:
E[W2] =
P2c22
2
+ c2(Q0 + P1c1) + c2/2. (4)
For the third phase:
E[W3] =
P3c23
2
+ c3(Q0 + P1c1 + P2c2) + c3/2. (5)
For the fourth phase:
E[W4] =
P4c24
2
+ c4(Q0 + P1c1 + P2c2 + P3c3) + c4/2. (6)
Let us check the correctness of the obtained formula for the considered intersection, where the ﬁrst
phase is red light for all vehicles driving from below. When the ﬂow is uniform, we can obtain the formula
by simply calculating the integral. In this case k1 = 0, so S 1 = 0, and thus
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E[W1] = c1Q0 +
P1c21
2
+ c1S 1/2P1 = c1Q0 +
qc21
2
. (7)
So we made sure that the calculations are not contradictory.
Using equations (1), (3), (4), (5) and (6) we obtain the following:
E[W] = c1Q0 +
P1c21
2
+
P2c22
2
+ c2(Q0 + P1c1)+
+
P3c23
2
+ c3(Q0 + P1c1 + P2c2) +
P4c24
2
+ c4(Q0 + P1c1 + P2c2 + P3c3) =
= cQ0 +
P1c21
2
+
P2c22
2
+ c2P1c1+
+
P3c23
2
+ c3(P1c1 + P2c2) +
P4c24
2
+ c4(P1c1 + P2c2 + P3c3) + c/2.
2.2. The behavior of vehicles at the crossroads in the long term
The expectation of changing the length of the queue of vehicles at the end of the cycle is equal to
E[δQ] = c1P1 + c2P2 + c3P3 + c4P4.
Now we can calculate the total delay from all directions in a time T .
For the ﬁrst cycle:
E[W] = cQ0 + c1P1(c1/2 + c2 + c3 + c4)+ +c2P2(c2/2 + c3 + c4) + c3P3(c3/2 + c4) + c4P4(c4/2) + c/2.
For the second cycle:
E[W] = c(max(Q0 + c1P1 + c2P2 + c3P3 + c4P4, 0) + c1P1(c1/2 + c2 + c3 + c4)+ +c2P2(c2/2 + c3 + c4) +
c3P3(c3/2 + c4) + c4P4(c4/2) + c/2.
Thus we consider expectation of total delay of vehicles for the time of T that is for T/c traﬃc lights
cycles
E[W] = c(
∑ T
c
i=0 max(Q0 + (c1P1 + c2P2 + c3P3 + c4P4)i, 0)+
(c1P1(c1/2 + c2 + c3 + c4) + c2P2(c2/2 + c3 + c4) + c3P3(c3/2 + c4) + c4P4(c4/2) + c/2) ∗ Tc .
Now calculate total delay for all directions.
Let Pi j - excess ﬂow to the road number i in the phase j, Qi0- initial queue of vehicles on this road.
In this case the total delay for four roads is equal:
E[W] = c(
∑ T
c
i=0(max(Q10 + (c1P11 + c2P12 + c3P13 + c4P14)i, 0)+
max(Q20 + (c1P21 + c2P22 + c3P23 + c4P24)i, 0)+
max(Q30 + (c1P31 + c2P32 + c3P33 + c4P34)i, 0)+
max(Q40 + (c1P41 + c2P42 + c3P43 + c4P44)i, 0))+
(c1(P11 + P21 + P31 + P41)(c1/2 + c2 + c3 + c4) + c2(P12 + P22 + P32+
P42)(c2/2 + c3 + c4) + c3(P13 + P23 + P33 + P43)(c3/2 + c4)+
c4(P14 + P24 + P34 + P44)(c4/2) + 2c) ∗ Tc .
For speciﬁc intersections values Pi j can be considered constant. General solve of this task rather
cumbersome and partitioned into a lot of speciﬁc cases depending of these values.
Component 2c which presents in each phase indicates that even in a low intensity traﬃc when passing
traﬃc lights delays occur because of the fact of impossibility of simultaneous movements in all directions
at the intersection.
This model is quite simplistic and do not take into account, for example, that the vehicles begin
moving not just immediately after the change of traﬃc light phase, but it is suﬃcient to solve the
problem of optimizing with the desired accuracy.
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13.75 V/min
34 V/min
29.5 V/min
9.5 V/min
Figure 2. Road intersection
Phase 4
Phase 3
Phase 2
Phase 1
Figure 3. Phases
2.3. Application of acquired formulass to real crossroads
Let us calculate the total delay of vehicles per traﬃc light cycle from all directions for the road
intersection, mentioned in the ﬁrst part of this article. This was the road intersection, described above:
Let us investigate the meaning of coeﬃcients: k1, k2, k3, k4. Let us assume that the ﬂow of vehicles
at the road intersection is distributed in the following way: Xlq cars aim to turn left, Xsq - aim to go
straight, Xrq - to the right. It is evident that Xl + Xs + Xr = 1. Then for the given traﬃc light mode
k1 = Xrq, k2 = 0, k3 = q, k4 = (Xr + Xs)q. In the case of our particular traﬃc light Xl = Xs = Xr = 1/3,
q = 34.
So
• Q10 = Q20 = Q30 = Q40 = 0
• E[P11] = 34 − S ∗ 2 ∗ 1/3 = 34 − 30 ∗ 2 ∗ 1/3 = 14
• E[P12] = 34 − 30 ∗ 2 ∗ 1 = −26
• E[P13] = 34
• E[P14] = 34 − 30 ∗ 2 ∗ 2/3 = −6
• E[P21] = 13.75
• E[P22] = 13.75
• E[P23] = 13.75 − 30 ∗ 2 ∗ 1 = −46.25
• E[P24] = 13.75
• E[P31] = 9.5
• E[P32] = 9.5
• E[P33] = 9.5
• E[P34] = 9.5 − 30 ∗ 2 ∗ 1 = −51.5
• E[P41] = 29.5 − 30 ∗ 2 ∗ 1 = −31.5
• E[P42] = 29.5 − 30 ∗ 2 ∗ 1/3 = 9.5
• E[P43] = 29.5 − 30 ∗ 2 ∗ 2/3 = −11.5
• E[P44] = 29.5
We will aim to solve the problem of minimizing the total delay in a unit of time: E(W)/c
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Thereby it is necessary to minimize the function
F = (c(
∑ T
c
i=0(i ∗ max(14c1 − 26c2 + 34c3 − 6c4, 0)+
i ∗ max(13.75c1 + 13.75c2 − 46.25c3 + 13.75c4, 0)+
i ∗ max(9.5c1 + 9.5c2 + 9.5c3 − 51.5c4, 0)+
i ∗ max(−31.5c1 + 9.5c2 − 11.5c3 + 29.5c4, 0))+
(c1(5.75)(c1/2 + c2 + c3 + c4) + c2(6.75)(c2/2 + c3 + c4) + c3(−14.25)(c3/2 + c4)+
c4(−14.25)(c4/2) + 2c) ∗ Tc )/T =
(c ∗ 12 ( Tc + 1) Tc ((max(14c1 − 26c2 + 34c3 − 6c4, 0)+
max(13.75c1 + 13.75c2 − 46.25c3 + 13.75c4, 0)+
max(9.5c1 + 9.5c2 + 9.5c3 − 51.5c4, 0)+
max(−31.5c1 + 9.5c2 − 11.5c3 + 29.5c4, 0))+
(c1(5.75)(c1/2 + c2 + c3 + c4) + c2(6.75)(c2/2 + c3 + c4) + c3(−14.25)(c3/2 + c4)+
c4(−14.25)(c4/2) + 2c) ∗ Tc )/T.
This reduces our problem to the problem of minimizing the next expression:
1
2 (
T
c + 1)((max(14c1/c − 26c2/c + 34c3/c − 6c4/c, 0)+
max(13.75c1/c + 13.75c2/c − 46.25c3/c + 13.75c4/c, 0)+
max(9.5c1/c + 9.5c2/c + 9.5c3/c − 51.5c4/c, 0)+
max(−31.5c1/c + 9.5c2/c − 11.5c3/c + 29.5c4/c, 0))+
c1/c(5.75)(c1/2c + c2/c + c3/c + c4/c) + c2/c(6.75)(c2/2c + c3/c + c4/c)+
c3/c(−14.25)(c3/2c + c4/c) + c4/c(−14.25)(c4/2c).
Because c4 = c − c1 − c2 − c3, so it is minimization problem on the pyramid
c1  0
c2  0
c3  0
c − c1 − c2 − c3  0
In general the solution to this problem depends on the ratio T/c, the number of cycles, but the
obtained solution is asymptotic and hardly subject to ﬂuctuations since T/c = 50
See tab. 1
Table 1. Dependency of optimal value of c∗i /c from number of cycles T/c
c∗1/c c
∗
2/c c
∗
3/c c
∗
4/c T/c
0.208502 0.368045 0.229767 0.193685 40
0.209071 0.367474 0.2292 0.194255 50
0.209071 0.367473 0.229201 0.194255 60
0.209071 0.367474 0.2292 0.194255 70
0.209071 0.367473 0.2292 0.194255 80
0.209071 0.367474 0.2292 0.194255 90
0.209071 0.367474 0.2292 0.194255 100
Thus, we have shown numerically ergodicity of the process.
2.4. Behavior of vehicles in the stationary case
Consider the solution of this problem for a diﬀerent type of road intersection, T-shaped, discussed in
the article [1].
To improve the readability of formulas, we introduce the following abbreviations:
Q0i = Q10 + Q20 + Q30 + Q40,
Pji = P1 j + P2 j + P3 j + P4 j.
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Figure 4. Intersection
Phase 3
Phase 3
Phase 1
Figure 5. Intersection
If we take in consideration speciﬁc ﬁxed ﬂows of the road intersection then the P1i = −25.7, P2i = −61.7,
P3i = −20.7
Consider the case of a road intersection with non-zero stationary queue length at the beginning of the
cycle E[Q(0)] = E[Q(c] and E[Q2(0) = E[Q2(c)]. It also makes sense due to the ergodicity of the model
[3], since the duration of the considered period of time to optimize a lot longer than the duration of one
phase.
c1P1i + c2P2i + c3P3i = 0. (8)
In this stationary case it is suﬃciently to minimize the delay of one cycle of traﬃc lights and the
problem is reduced to minimize the following function:
F(c1, c2) = c1(c − c1/2)P1i + c2(c − c1 − c2/2)P2i+
+(c − c1 − c2)2P3i/2,
on triangle
c1  0,
c2  0,
c − c1 − c2  0.
(9)
c1 =
cP3i − c2(P2i − P3i)
P3i − P1i
Then the maximum of the function F of one variable is reached at
c2 =
2cP1i
P1i + 3P2i − 4P3i .
In this case
c1 =
3P1iP3i + 3P2iP3i − 4P23i − 2P1iP2i
(P1i + 3P2i − 4P3i)(P3i − P1i) c.
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c3 =
P1i(P1i − P2i)
(P1i + 3P2i − 4P3i)(P3i − P1i)c.
In case when the resulting values greater than zero there exists optimum solve for stationary state
traﬃc lights operation mode.
We can calculate the expected delay per unit time at a traﬃc light in this case:
F = Q0i + c1/c(c1/2 + c2 + c3)P1i + c2/c(c2/2 + c3)P2i + c23/2cP3i =
= Q0 +
4P1iP2i − 5P1iP3i − 3P2iP3i + 4P23i
2(P1i + 3P2i − 4P3i)(P1i − P3i) P1ic.
The average delay value per vehicle is obtained by division the result by average number of vehicles
q1 + q2 + q3 + q4
d =
Q0 +
4P1iP2i − 5P1iP3i − 3P2iP3i + 4P23i
2(P1i + 3P2i − 4P3i)(P1i − P3i) P1ic
q1 + q2 + q3 + q4
.
Similarly we can calculate expected delays for each direction of the road intersection.
In case when the stationary length of queue in the begin of the cycle is zero, expression (8) became
c1P1i + c2P2i + c3P3i  0. (10)
It is evidently that in this case we must minimize two-variable function (??) under the conditions
(10), (9)
The solution of this problem greatly depends of excessive ﬂows and does not exist in general.
Let us to investigate behavior of intersection of four roads when queue length being stationary.
c1P1i + c2P2i + c3P3i + c4P4i = 0,
c1 + c2 + c3 + c4 = c.
The problem is reduced to minimize the following expression under the above constraint equations:
c1(c1/2 + c2 + c3 + c4)P1i + c2(c2/2 + c3 + c4)P2i + c3(c3/2 + c4)P3i + c24/2P4i.
This is achieved with the following values of the duration of the signal light phases:
c1 =
2(P1i − 2P2i)(P2i − P3i)P4i
−8P1iP22i − P21iP3i + 8P1iP2iP3i + P21iP4i + 4P1iP2iP4i + 4P22iP4i − 4P1iP3iP4i − 4P2iP3iP4i
c,
c2 =
2P1i(P1i + 2P2i − 3P3i)P4i
−8P1iP22i − P21iP3i + 8P1iP2iP3i + P21iP4i + 4P1iP2iP4i + 4P22iP4i − 4P1iP3iP4i − 4P2iP3iP4i
c,
c3 =
P1i(P1i − 2P2i)P4i
−8P1iP22i − P21iP3i + 8P1iP2iP3i + P21iP4i + 4P1iP2iP4i + 4P22iP4i − 4P1iP3iP4i − 4P2iP3iP4i
c,
c4 =
P1i(8P22i + P1iP3i − 8P2iP3i)
−8P1iP22i − P21iP3i + 8P1iP2iP3i + P21iP4i + 4P1iP2iP4i + 4P22iP4i − 4P1iP3iP4i − 4P2iP3iP4i
c.
In case when in given data in stationary mode these numbers are positive that mean we solved the
problem of minimization.
Thus, we can also substitute these values and ﬁnd the average vehicle delay at this intersection.
3. Conclusion
In this paper we consider using methods of queuing theory to modeling traﬃc ﬂows at signal-controlled
road intersections. Discussed in detail the concept of "eﬀective number of lanes" justiﬁed and applied in
the calculation and minimization of the expectation of total losses of time on the signal-controlled road
intersections. It is shown that the methods of queuing theory to help obtain explicit formulas delays
encountered when crossing the intersection. Anticipated development of the theme:
478   T.S. Babicheva /  Procedia Computer Science  55 ( 2015 )  469 – 478 
• simpliﬁcation of the formulas obtained
• generalization the formulas to transport network
• solving transport optimization problem on the net of signal-controlled road intersections.
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